Abstract-This paper discusses the grasp planning of a multifingered hand attached at the tip of a robotic arm. By using the convex models and the new approximation method of the friction cone, our proposed algorithm can calculate the grasping motion within the reasonable time. For each grasping style used in this research, we define the grasping rectangular convex (GRC). We also define the object convex polygon (OCP) for the grasped object. By considering the geometrical relashionship among these convex models, we determine several parameters needed to define the final grasping configuration. To determine the contact point position satisfying the force closure, we use two approximation models of the friction cone. To save the calculation time, the rough approximation by using the ellipsoid is mainly used to check the force closure. Additionally, approximation by using the convex polyhedral cone is used at the final stage of the planning. The effectiveness of the proposed method is confirmed by some numerical examples.
I. INTRODUCTION
A multi-fingered hand has the potential possibility to grasp several objects with different shape. However, the grasp planning of a multi-fingered hand often becomes difficult due to its complexity. In many cases, since a hand/arm system has more than 20 dof, we have to plan the grasping motion in the high-dimensional configuration space by using the following strategy; First, although there are plenty of possible grasping styles [18] , we have to select a feasible one according to the required task. Then, we have to determine the contact point position on both the fingers and the grasped object. The contact point position has to be determined so that the finger can grasp the object without dropping it within the limit of the actuator power. Finally, we have to plan the motion of the hand/arm system from the initial configuration to the final one with avoiding unnecessary collision among the fingers and the environment. Now, let us consider some typical cases where the grasp planning is needed. The first example is the humanoid robot having a multi-fingered hand as shown in Fig.1 . When a humanoid robot grasps an object, the humanoid robot will first measures the position/orientation of the object by using the vision sensor attached at the head. Then, based on this information, the grasp planner plans the motion of the hand/arm system to realize the final grasping posture. Once the planning finishes, the multi-fingered hand will pick up the object by grasping it. We can also consider the pickand-place task in a manufacturing factory. In this case, several objects randomly placed on the belt conveyer will be delivered to the industrial robot manipulator. By measuring the position/orientation of the objects, the robot will plan the pick-and-place motion of the object. For both of the above cases, the grasping motion has to be calculated as fast as possible. Thus, as for the grasp planning, a heuristic but fast algorithm will be preferred rather than a precise but timeconsuming algorithm [2] .
In this paper, we propose a fast grasp planning algorithm for hand/arm systems. Our proposed algorithm can calculate the grasping motion within the reasonable time simultaneously satisfying several conditions for the grasp system such as the feasible grasping style, the friction cone constraint, the maximum contact force, the inverse kinematics of the arm and the fingers, and the collision among the fingers etc. The contribution of this paper is as follows; Our proposed algorithm first assumes the convex models for both the object and the grasping region of the hand. By considering the geometrical relashionship between two models, we can determine several parameters needed to plan the grasp configuration. This is just like the problem of checking whether a block can be put into a box or not. Then, we determine the contact point position between the fingertip and the object. These points are determined so that the force closure can be satisfied. However, so as to reduce the calculation time, we propose two methods for testing the force closure. The first method is mainly used where it approximates the friction cone by using ellipsoid. This is a rough approximation but can quickly estimate the force closure. Additionally, we use more precise approximation by using the convex polyhedral cone. Furthermore, to determine the contact point position, we use the random sampling approach. The random sampling contributes to save the calculation time since we do not need to analytically obtain the region of the contact point position satisfying the force closure. Finally, the effectiveness of the proposed algorithm is confirmed by some numerical examples.
II. RELATED WORKS
As for the works on grasp planning, there are a number of works on contact-level grasp synthesis such as [10] , [11] , [9] . As for the grasp planning considering the hand/arm model, Cutkosky [1] first proposed an expert system to select one of the grasp styles based on the grasp quality measures. Pollard [8] proposed a precise grasp planning algorithm by utilizing heavy computation. Morales et al. [7] proposed a planning method applicable to the Barret hand. Morales et al. [16] also proposed a method of planning a grasp by preparing the candidate grasping style corresponding to the grasped object. Prats et al. [17] proposed a method of for planning the hooking task of a door.
Recently, some researchers researched the fast grasp planning problem. Borst et al. [13] proposed a planning method to determine the contact point position of a four-fingered hand assuming the fingertip grasp. Miller et al. [4] uses the grasping simulator [5] and proposed a method for determining the candidates of the contact point set for the grasp planning. Their method calculates 1 ∼ 44 candidates of grasp configuration between 11.4[s] and 478[s] depending on the complexity of the object's shape. Their approach was extended to the learning approach [6] and imperfect visual information [3] .
On the other hand, we propose a planning method for general multi-fingered hand/arm systems taking all functions explained in the introduction into account. Our method is easy and fast because the grasping style and the nominal posture are determined by using the relationship between two convex models and because the approximation of the friction cone by using the ellipsoid is used.
As for the grasp planning based on the random sampling approach, Niparnan [9] and Borst et al. [12] proposed a method to realize the force closure using the random sampling. Yashima et al. [15] proposed a manipulation planning based on the random sampling.
III. GRASPING STYLE SELECTION

A. Reference Posture and Rectangular Convex
When a human grasps an object, a human selects one of the grasp styles according to the shape and the expected mass of the object. Fig.2 shows some of the grasp styles shown in the book [18] . The prehension by subterminal opposition (213) and the prehension by subtermino-lateral opposition (214) are used when grasping a thin and light object. The pollici-tridigital (221) is used when grasping a pencil like object. On the other hand, as for the digito-palmar prehension (227) and the full palmar prehension (229), the hand can contact the object at the inner-link of a finger and at the palm. These grasp styles are used when grasping a large and heavy object.
We assume that the shape of the object is given by a polygon model such as VRML. For given shape of the object, the grasp planner has to automatically select one feasible grasp style. To realize this function, we assume the reference posture of the hand and the grasping rectangular convex (GRC) for each grasping style as shown in Fig.3 . Here, the GRC expresses the maximum size of the object which the hand can grasp. The GRC is used to roughly predict whether the hand can grasp the object or not.
In this research, we manually constructed both the reference posture and the GRC. Automatic generation of them is our future research topic. For example, we can construct both the reference posture and the GRC by considering the force closure condition, the manipulability of the fingers etc. Also, we can generate the reference posture by capturing the human motion [19] .
By modifying the reference posture, the actual grasping posture is planned by using the method explained in the next section. For the i-th grasping style with the GRC which position/orientation is
we assume the vector of edge length p e ri of the GRC. This vector is used to select the grasping style. Also, we assume the approach vector p d ri . This vector defines the approach direction to the object and is one of the outer unit normal vector of the GRC's surface. Furthermore, we assume the maximum mass m max,i of the object grasped by using the i-th grasping style.
Next, we focus on the object to be grasped. Given the shape of the object, we calculate the object convex polygon (OCP). The OCP is the minimum sized convex polygon including the grasped object. In this paper, we consider the case where the rectangular convex is used as the OCP. For complex shaped objects, we consider splitting the object into some regions and calculate the OCP for each region. Fig.4 shows the OCP of the vase placed on the table. We split the object into three regions and obtained the OCP for each region.
Once the polygon model of the grasped object is given, we have the set of points included in the surface of the object. By using the eigen vectors of the co-variance matrix of the point set, we can calculate the OCP. For the i-th OCP which position/orientation is p oi /R oi (i = 1, · · · , m), we assume the vector of edge length e oi .
Miller et al. [4] , [6] also used the convex model for the grasped object. In this research, in addition to the OCP, we use the GRC and determine the grasping style and the nominal grasping posture.
B. Nominal Position/Orientation of Palm
Let us consider selecting one of the grasping styles and determining the nominal position/orientation of the palm. For such purpose, we introduce some heuristic rules in this subsection. We first focus on the geometrical relationship between the GRC and the OCP. Let sort(a) be the function replacing the elements of the vector a in a decreasing order. We consider the following function. If b i > 0 is satisfied, the OCP can be included inside the GRC. For the enveloping grasp as shown in Fig. 3 (c) , (d) and (e) satisfying b i > 0, there is a possibility that the hand can grasp the object by using the i-th grasping style. On the other hand, for the fingertip grasp as shown in Fig. 3 , eq.(1) was checked only for two edges of the GRC which surface defines the approach vector. We also assume the maximum weight of the object for each GRC. We do not select the grasping style where the object's weight is larger than the maximum weight of the GRC. If there are multiple candidates of grasping styles, we consider selecting one grasping style where the amount of modification from the reference posture is expected to the smallest. Once the grasping style is determined, we next determine the nominal position/orientation of the palm. Fig.5 shows the overview of the method. Let us focus on the surface of the GRC having the approach vector d ri as the normal. We make this surface contact the surface of the OCP. Assuming that both rectangular convex contact each other at the center of the rectangle, there are four possibilities for the orientation of the GRC as shown in (b),(c),(d) and (e). For this example, the orientation of the GRC shown in (b) and (d) is not feasible since the GRC does not include the OCP even if the GRC moves to the direction of the approach vector. On the other hand, for the position/orientation of the palm shown in (a) and (c), we try to solve the inverse kinematics of the arm. If the inverse kinematics problem has a solution, we have a candidate of the nominal position/orientation of the palm. We iterate this calculation for all the surface of the OCP without contacting another OCP.
In case where we have multiple candidates of the nominal position/orientation of the palm, we have to choose one. In this research, we applied the nominal position/orientation of the palm where the norm of joint angle of the wrist becomes minimum.
IV. FINAL GRASPING POSTURE
By using the nominal position/orientation of the palm, now we determine the final grasping posture. The grasping posture is determined so as to satisfy several constraints imposed on the grasp system. 
A. Force Closure Condition
The grasped object has to resist the external wrench without breaking the contact. For this purpose, we formulate the wrench set generated at a point in the object. To formulate the wrench set, we usually approximate the friction cone constraint at each contact point since the friction cone constraint is nonlinear and is difficult to deal with. As shown in Fig.6 , we introduce two approximation methods, i.e., (a) the intersection of an ellipsoid and a sphere and (b) the convex polyhedral cone. (b) is a conventional approximating method while (a) is a newly proposed one. Although (a) is a rough approximation, we can roughly check if the applied wrench is included in its set by just calculating a few equations. In our planning algorithm, (a) is used to plan the grasping posture while (b) is additionally used to confirm the force closure condition at the final stage of the planning algorithm.
1) Approximation by intersection of ellipsoid and sphere:
In this method, we consider approximating the friction cone constraint by using the ellipsoid and approximating the maximum normal component of the contact force by using the sphere (Fig.6 (b) ). In the following, although we formulate just for the ellipsoid approximating the friction cone, we can formulate the sphere with the same fashion.
Let us consider the contact force f i (i = 1, · · · , n) applied at the i-th contact point position p i . The ellipsoid approximating the friction cone can be expressed as
where S = diag[μf max μf max αf max ] and U i is a 3 × 3 matrix composed of the unit normal and tangent vectors. This is a rough approximation since this ellipsoid does not include very small contact forces. Also, it may include the contact force outside of the actual friction cone if the normal component of the contact force is large. By using this equation for n contact points, the set of the wrench w generated by the object can be given by
where
When we apply eq. (3) to the planner, we impose a margin δf from the boundary of the wrench set and check n − f (p 1 , · · · , p) ≥ δf . This method is useful since we can roughly check the force closure condition just by calculating the left-hand side of eq.(3).
2) Approximation by convex polyhedral cone:
The approximation by the convex polyhedral cone can be a precise one if we increase the number of the span vectors. However, calculation of the wrench set becomes relatively heavy. In this section, we introduce an easy and simple method of judging the force closure by using the software package "qhull" [23] . By using the qhull, we can calculate the convex hull and the Delaunay triangulation of a point set.
Considering the combination of the contact force at each contact point lying along one of the span vectors, we can calculate the wrench set w i , i = 1, · · · , m applied at a point in the object. Then, by using the qhull, we can calculate the convex hull of the wrench set as follows:
We can easily judge the force closure by adding the gravity wrench w g of the object to the wrench set. Let us consider the following convex hull:
If the vertices ofW do not include w g and the distance between w g and each surface ofW is not zero, the grasp system is found out to be the force closure.
B. Random Sampling
To obtain the final grasping posture, we use the random sampling technique. Let n be the number of fingers. We use 1 + n variables to search for the final grasping posture; Δp p ∈ R 3 , and
As shown in Fig.7 , the three dimensional vector Δp p expresses the position of the OCP w.r.t. its nominal position and is used to determine the position of the palm. On the other hand, Δp i (i = 1, · · · , n) expresses the position of the fingertip w.r.t. its nominal position. 
C. Planning Algorithm
We assume that we have the polygon model of both the finger and the grasped object. To check the collision between the finger and the object, we used the software PQP (Proximity Query Package). By using PQP, even if two polygon models do not contact each other, we can calculate the distance between two models, the point on both models where the distance becomes minimum, and the unit normal vector of the model's surface.
We first explain the method to find the posture of a finger contacting the object. Although, roughly speaking, there are two methods where one is to solve the inverse kinematics so that the finger link contacts the object at the desired position and the other is to directly compensate the joint angles, we used the latter approach in this research. First, corresponding to each grasping style, we defined the links of the fingers to contact the object. Then, for each defined link, we assign a joint of a finger to compensate its position. We changed the angle of the assigned joint by a small amount and checked the collision between the link and the object. We iterate this calculation until the distance between the link and the object is smaller than a predefined value.
By using the pseudocode shown in Algorithm 1, we summarize the algorithm explained in this section. In this algorithm, after confirming that n − f (p 1 , · · · , p n ) ≥ δf is satisfied, then we calculate the force closure using the qhull. 
VI. NUMERICAL EXAMPLE
To confirm the effectiveness of the proposed method, we show some numerical examples. As a model of the hand/arm system, we use the 7dof arm of the HRP-3P [21] and a developed 4 fingered hand [20] . This 4 fingered hand has the thumb with 5 joints and the index, middle and third fingers with 4 joints. The most distal joint of each finger is not directly actuated and moves along with the next joint.
We prepared 6 reference motion as shown in Table I . We used a vase with 0.5[kg] as a grasped object. Fig.9 shows the overview of the simulation environment. In this numerical example, we make only the most distal link of each finger contacts the object, for simplicity. As shown in Fig.4 , we manually split the vase into three regions and calculated the OCP. As for B shown in Fig.4 , the edge length of the OCP was calculated as (0.22, 0.067, 0.067) [m] .
The 229 style is selected by using the algorithm shown in Section 3. Fig.10(a),(b) and (c) shows the motion of the fingers. Also, Fig.10(d) shows the 3 dimensional subset of the wrench set obtained by the qhull. We performed this numerical example for 5 times. And, it takes between 10 [s] and 25 [sec] to calculate the final grasping posture using the 2[GHz]. However, almost 80% of the calculation time was spent to the calculation of qhull although qhull was called just once for 3 of 5 trials. Fig.11 shows the grasp of a cellular phone and a shaving machine. The 221 style was used for the cellular phone while the 229 style was used for the shaving machine. Fig. 12 shows the simulation result of using the PRM planner to avoid the collision between the arm/hand system and the table. In this case, we plan the motion in the 24 dimensional configuration space. It takes about 5 [s] to calculate the path between the start and the goal. As you can see from this figure, the arm avoids the collision between the table edge and the arm.
VII. CONCLUSIONS AND FUTURE WORKS
In this paper, we proposed an algorithm of grasp planning for hand/arm systems. By using the convex model for both hand and the object, we showed that the nominal palm position/orientation can be calculated easily. Also by using the ellipsoidal approximation of the friction cone, we showed that the final grasping posture can be calculated within a short period of time.
This paper is the first step of our research and we have a plenty of future research topics. First, we have to further make the calculation time shorter. Instead of using the qhull, we plan to use the force closure test algorithm proposed in [13] . Also, we plan to consider another approximation model of the friction cone by using multiple ellipsoids. Second, we will apply the proposed algorithm for several shape of objects and confirm the feasibility of the algorithm. Also, we plan to verify the effectiveness of the proposed method by experiments. Finally, we plan to construct the sensor feedback algorithm since our finger has 6 dof force/torque sensors at the tip.
